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We show that separately harmonic functions and pluriharmonic functions in C n can be characterized by a finite number of mean-value conditions over boundaries of ellipsoids or distinguished boundaries of polydisks. This is a generalization of the Delsarte-Lions characterization of harmonic functions and of the Morera theorem for holomorphic functions.
Introduction.
Let us recall the converse of Gauss's mean-value theorem as proved by Delsarte and Lions [11] , it says that for any n > 2 there is a finite set H n , 1 € H n , such that if r x > 0, r 2 > 0 and r λ /r 2 £ H n then any / G C(R n ) satisfying (1) / Πy)dσj(y) = f(x), (j = l,2;x € R n )
is harmonic in R n . Here S(x,Γj) is the sphere of center x and radius r,, dσj is the normalized Lebesgue measure on the sphere.In fact, H 3 = {1}, so that any two distinct radii are sufficient in dimension 3. In [9] this result is extended to arbitrary non-compact irreducible symmetric spaces of rank 1. Finally, from [7, 8] we conclude that in R n there is a local version of this theorem (in fact, this result extends to symmetric spaces of rank 1), namely if / G C(£(0, J?2)),ri + r 2 < #, and satisfies (1) , in the sense that (1) holds as long as |ar| + Γj < #, then / is harmonic in the ball B(0, R) of center 0 and radius R. On the other hand, we do not have such a satisfactory situation for symmetric spaces of higher rank or the Heisenberg group (or other nilpotent Lie groups for that matter). In the latter case, the results in [1, 2] are established for L p -functions /. The reason for this difficulty is slightly different in these two cases. In the case of symmetric spaces X of rank bigger than one it is due to the failure of the Spectral Synthesis Theorem in C°°(X) [6] , while in the Heisenberg group H n we do not have yet a resonable effective method to study this kind of problem in C°°(H n ). In this paper we study the characterization of separately harmonic and pluriharmonic functions in C n (n > 2) by means of mean-value properties. That is, by identities of the type (1) . As it will become clear later on, we have really a problem of the type that arises in symmetric spaces of rank > 2. For a general perspective on this kind of problems we refer to [13, 14] .
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Necessary conditions.
From now on we will be working in C n with n > 2, the orientation of the space is the usual one that makes the differential form
We also recall that this form equals
..Adζ n will be used throughout.
Let us also introduce the following differential form
A domain D C C n is called n-circular (or Reinhardt domain) with center at the point α, if z G D implies (G^ + (z λ -αi)e ιίl ,..., a n + (z n -a n )e itn ) G D for 0 < tj < 2π,j = 1, 2,... Proof. The equality (3) is obtained using that any function separately harmonic in Q r and continuous in Q r satisfies the mean value property with respect to integration over the distinguished boundary Δ r . In order to prove formula (2) we use the following lemma, whose proof is immediate. 
(R) = (-l)^' "
It follows now from (4) and the identity (3) that the formula (2) must be correct up to a multiplicative constant. This constant can be computed using /ΞI and applying the Stokes formula:
This concludes the proof. D
Let us recall that a domain Dι C C n is called circular or Cartan domain with center at the point α, if z £ D λ implies (z -ά)e xt G £>i for 0 < t < 2π. Such a domain is said to be complete, if for each each point / G A, D x contains the whole disk {a λ + (z\ -aχ)t,..., a n + (z% -a n )t : t £ C, \t\ < 1}. An example is the ball B p = {z : \z -a\ < p). (ζ n -a n ))\ where Δj(α) = {2: :
w} t'5 ίΛe distinguished boundary of the circular polydisk Ql(a).
Proof. A pluriharmonic function is obviously separately harmonic as well, therefore formula (3) is valid for it and (6) can be derived from (3) by a linear transformation (a linear transformation conserves pluriharmonicity, because a function is pluriharmonic if and only if its restriction to each complex line is harmonic). The proof of (5) 
From this Lemma and the mean-value property for harmonic functions in C we obtain (5) up to a multiplicative constant, which can be computed in the same way as it was done in Theorem 2.1. D Remark 2.5. Lemma 2.4 has appeared in work of Kytmanov (see [5] ) and in [12] . Remark 2.6. Formulae (2), (3), (5) and (6) in the particular case n = 1 are the classical mean value theorem for harmonic functions.
Remark 2.7.
It is easy to show that each of the conditions above is suffix cient for the corresponding class of functions, but we do not prove it here, because stronger statements will be proved below.
x We are using this terminology and notation to distinguish it from a usual polydisk, which is rc-circular. Remark 2.8. It can be shown that in the formulae (2) and (5) the form v can be replaced by the Bochner-Martinelli kernel (up to a ±1) except that the constant in front of the integrals in the formulas corresponding to (2) and (5) will be independent of the domain.
In the case of the ball the differential form v and the Bochner-Martinelli kernel differ from the surface area element by constants. More generally, one has the following two mean-value results. 
Proof. For the proof we can assume a = 0. Then, observe that dΩ and the area measure are invariant under the action of the group G = S 1 X X S 1 , whose normalized Haar measure dμ is (2π)~ndθι dθ n . As / is separately harmonic, if (£°,... , £°) is a fixed point of dΩ then 
Using the notation w -a -ξ + iη it can be shown that (see [5, In particular, / is real analytic. Since (11) holds for every j -l,...,n, it follows from (10) that
--
i.e., / is separately harmonic in C n . D
We have already mentioned that there is a local version of the DelsarteLions two-radii theorem, the same argument in [8] shows that the same is true for the two-radii theorem we used in the last proof. This is the reason of the first condition imposed below. 
} contained in Ω (for a convenient choice of the point a^). If the corresponding pair of mean value conditions (2) hold for all D rj k (a) C Ej then f is separately harmonic in Ω.
Proof. The first part of the proof of Theorem 3.1, the geometric condition on Ω, and the possibility to localize the two-radii theorem allows us to conclude / satisfies (11) for j = 1 in Ω, and thus it is real analytic everywhere. The other conditions guarantee that / satisfies the j-th condition (11) in a neighborhood of the point α^. It now follows from the connectedness of Ω and the real analyticity of/ that all the conditions (11) are satisfied everywhere! Therefore, / is separately harmonic in Ω. D Remark 3.3. Theorems 3.1 and 3.2 demand that the identity (2) must hold for n pairs of ellipsoids. These theorems are not true if we impose conditions on only (n -1) pairs. In fact, if we had only {n -1) pairs, we would obtain a system of equations like (11) , but consisting only of (n -1) equations. Such a system has a nontrivial solution (12) gg = c,, ,= !,...,» where some c\ φ 0. Any solution of the system (12) satisfies our conditions for (n -1) pairs of ellipsoids, but it is not separately harmonic.
Consider now the following circular ellipsoids with center at the point α:
.. ,n; Ar = 1,2; p= 1,... , n.
Let (|df m ||, (/,m = 1, ...,n) be the inverse matrix of ||cf m || for p fixed. Let Q = \\q ps ,ki\\, (P) 5=1,..., n; k,l = 1,..., n) be the n 2 X n 2 matrix with the following entries satisfies all the conditions of the Theorem 3.1 and, therefore, it is separately harmonic. Hence taking derivatives, we obtain
Since det Q φ 0, we get τ~rΞθ, M=l,...,n.
OZkOZi
This means that / is pluriharmonic. D Remark 3.5.
In this theorem we are considering images of the family of ellipsoids from the Theorem 3.1 under n complex linear transformations. The only restriction on them is the condition det Q φ 0. In particular, no more than one of these transformations can be unitary. In the case n = 2 and one of them is the identity (say when p -1), the condition on the other is :
Im (cM 2 4<4) Φ 0.
Remark 3.6. Theorems 3.1, 3.2 and 3.4 can be rewritten using formulas (8) and (9) .
We leave to the reader the statement of local theorems corresponding to Theorem 3.2. Consider the closed convolution ideal in £'(R 2 ) generated by the radial distributions χ Γl -χ r2 and χ Γ2 -χ Γ3 . Our aim is to show that the Laplace operator Δ (considered as the distribution then f is separately harmonic.
Remark. We are considering 2 β"" 1 polydisks at each point.
Proof
We proceed by induction on n. When n -1 it is Delsarte-Lions's theorem [11] . From (15) and (17) we observe that g satisfies all the conditions of the theorem. Hence by the induction hypothesis g is separately harmonic with respect to the variables J2τ 2 , -. -,^n, and thus / is separately harmonic with respect to all variables.
• Consider the following circular polydisks A natural question is whether it is possible to diminish the number of polydisks in Theorems 5.1 and 5.2. There is a reasonable expectation to obtain an analogous to the Theorem 5.1 result with only (n + 1) polydisks at each point. The analytical difficulties in doing so are similar to those of studying the Pompeiu problem in the case of symmetric spaces of rank > 1.
